LAWSON HOMOLOGY FOR PROJECTIVE VARIETIES WITH 

C*-ACTION 



WENCHUAN HU 



Abstract. The Lawson homology of a smooth projective variety with a C*- 
action is given in terms of that of the fixed point set of this action. We also 
consider such a decomposition for the Lawson homology of certain singular 
projective varieties with a C* -action. As applications, we calculate the Lawson 
homology and higher Chow groups for several examples. 
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1. Introduction 

Let X be a smooth complex projective variety of dimension n with a holomorphic 
C*-action. Let (pt : X ^ X he the flow corresponding to the C*-action. 

Note that for a given C*-action, the flow tpt can be decomposed into an angular 

and a radial flow. Averaging a Kahler metric over and applying an argument 
of Frankel |Fra| , we find a function / : X — > R of Bott-Morse type whose gradient 
generates the radial action. Recall that a Bott-Morse is a real value smooth function 
whose critical point set is a closed (real) submanifold and whose Hessian is non- 
degenerate in the normal direction. 

The fixed point set F of the action is assumed to be nontrivial. Let Fi, F,^ be 
the connected components of F and set Xj := n — ^Ij — dime Pj, where denote 
the index of / on Fj . Note that /-,- is always an even number. 

Let Zr{X) be the space of all algebraic r-cycles on X. The Lawson homology 
Lj.Hk{X) of 7'-cycles is defined by 

LrHk[X) := 'Kk-2r{Zr{X)) for fc > 2r > 0, 
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where Zr{X) is provided with a natural topology so that it is an abelian topological 
group (cf. [F], [L1] and [L2]). For general background, the reader is referred to 
[L2] . For r < 0, set LrHk{X) := HkiX,Z) and LrHk{X)q, := L^i?fc(X) ® Q. 
The first result in this note is the following Lawson Homology Basis Formula: 

Theorem 1.1. Let X be a smooth complex projective variety of dimension n with 
a holomorphic C* -action and let Fj and Xj be as above. There are isomorphisms 
of Lawson homology groups 

(1) i,-A,fffc-2A, {F,) - LrHu{X) 

i=i 

for all k>2r>0. 

Remark 1.2. For r ~ Q, by Dold-Thom theorem, LoHk{Y) = Hk{Y,Z) for any 
S Z and any projective varieties Y . In this case, the isomorphism in Theorem 
\1.1\ is called the Homology Basis Formula, which holds for X is a compact Kdlhler 
manifold (cf. |CSj j. by using the Bialynicki-Birula decomposition /^cf. jB-Bj ). Such a 
result has been shown to hold even on Riemannian manifold admitting a generalized 
Morse-Stokes flow [HaLaj . 

Now we consider certain singular projective varieties. A filtration on a projec- 
tive variety X is a nest family = X_i C Xq C Xi C • • • C Xn = X oi closed 
algebraic subsets Xi ~ Xi^i is locally closed in X. 

Theorem 1.3. Let X be a (not necessarily smooth) projective variety which admits 
a filtration {Xi}'^^Q such that pi : Xi—Xi-i Fi is a locally trivial fibration over a 
projective variety Fi with fibers C^* . Then there is isomorphism of Lawson homology 
groups 

V 

3 = 1 

for all fc > 2r > 0. 

Remark 1.4. This is the Lawson homology analog of the homology basis theorem 
for a space with a filtration (cf. |CG| ). 

The next result is on Lawson homology for certain singular complex varieties 
with C*-actions. Recall that a C*-action C* x X ^ X on a projective variety X 
is called singularity preserving as t if there exists an equivariant Whiteney 
stratification of X such that for every stratum A, and for every point x G A, the 
limit .To := limt^o t ■ x is also in A. In this situation. Xj' Fj is an affine space 
bundle of fiber dimension which is denoted by Xj, where Fi,...,Fi, are the fixed 
point components and X^ = {x ^ X \ lim(_+o t ■ x ^ Fj} (cf. |CG| ). 

Corollary 1.5. If X admits a singularity preserving C* -action as t with fixed 
point components Fi, ...,Fy such that for any stratum A of X and for any fixed 
point component Fj, either A fl Fj = or [A[^ Fj)+ ~ Af] Xj' , then we have 

Lr-X,Hk-1X, {Fj) ^ LrHkiX) 

for all fc > 2r > 0. 

The proof of these results is given in section [21 Applications and examples are 
given in section [31 
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2. Proof of main results 

In this section we first review Bialynicki-Birula decomposition's decomposition 
and Carrell-Sommese's construction in proving the Homology Basis Formula and 
then give a proof of Theorem 11.11 

Let X be a smooth complex projective variety with a nontrivial C*-action C* x 
X ^ X, {\,x) i-^ A • X. Denote by Fj,j = 1, 2, ly the connected components of F. 
There are two C* -invariant decompositions of X, the plus and minus decompositions 
(cf. [El): 

X^\\X+ where X+ ^ {x E X\ \im X ■ x e F,} 

and 

X^llxr^, where X^ ^ {x e X\ lim X ■ x e FA. 

For each j, let rij = dim_Fj and set A-,- = dimX^^ — rij, which coincides with the 
one defined in the introduction by using the index of the associated Morse function 
(cf. [CS], |HaLa| V Then dimXr =n- Xj. 

Assume that Xj is one of Xj' or X~ . Each Xj is a smooth quasi-projective 
variety of X Zariski open in its closure; the natural map pj : Xj — > Fj can be 
given the structure of an algebraic C*-equivariant vector bundle of rank A^; and 
the normal bundle of Fj in Xj is a subbundle of the normal bundle of Fj in X. 

Theorem 2.1 ( |B-B| ). Let X be a smooth projective variety over C admitting a 
nontrivial C* -action. Then 

(1) F is a finite disjoint union F = Y['j=i -^j '^f smooth projective varieties. 

(2) After a suitable numbering of the component of the fixed point set F = 
JJJ^j^i^j, the union X^ = Uj^^X^ is a closed subvariety of X for all i = 
l,2,...,z/. 

Now we briefly review Chow motives, Lawson homology and their relations. Let 
X and Y be smooth projective varieties. A correspondence F from X to y 
is a cycle (or an equivalent class of cycles depending on the context) on X x Y. 
We denote the group of correspondences of rational equivalence classes between 
varieties X and Y by Corrd{X, Y) := Chdimx+d{X x Y). 

For F G Corrd{X,Y) and a G LpHk{X), the push-forward morphism is defined 

by 

F, : LpHk{X) Lp+dHk+2d{Y), F,(a) = p2*{pla • F), 
where • is the intersection in Lawson homology (cf. |FG] ) . Moreover, from the 
construction, the action F, depends only on the algebraic equivalent class F. 

Let V denote the category of (not necessarily connected) complex smooth projec- 
tive varieties. Let X and Y be smooth projective varieties. Suppose A" = ]J Xa is 
the decomposition of X into connected components. The group of correspondences 
of degree r from X to F is defined as 

Corr''{X,Y) := ® C/i^™^°+''(X„ x Y). 

The composition of correspondences / G Corr"^ {X,Y) and g G Corr'^ {Y, Z) gives 
a correspondence in Corr'^'^'^ {X, Z). A correspondence p G Corr'^ {X, X) is called 
a projector of AT if p^ = p. The category of Chow motives CHM. is given as 
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follows. Objects in CHAi are triples (X, p, r), also denoted by h{X, p)(— r), where 
X € V , p is a projector of X, and r e Z. In particular, the motive h{X, idx)(—r) 
is simply denoted by r). Morphisms in CHA4 are defined as 

HomcHM ((^, P, r), (F, q, s)) := q o Corr^"'" (X, y) o p. 

The composition of morphisms is defined using the composition of correspondences. 
The following result proved by N. A. Karpenko in [K] : 

Theorem 2.2 (Karpenko). Let X be a smooth projective variety. Assume X admits 
a filtration by closed subvarieties = X^i C Xq C • • • C X^, ~ X such that there 
exist flat morphisms fi : Xi — Xi^i — > Fi, of relative dimension Xi over smooth 
projective varieties Fi (1 < i < n), such that the fiber of every fi over every point 
y of Fi is isomorphic to the affine space C^' . Then there exists an isomorphism in 
CHM: 

(2) h{X)c^^h{F,){X,). 

i=0 

This implies the following corollary. 
Corollary 2.3 ( |HuLij ). Using the notations in Theorem \2.2\ we have 

(3) UHk(X) ~ 0i,_A,i/fc-2A.(F,:). 

Therefore, we get the isomorphism in Thcorcm ll.il 

Remark 2.4. Equation (0) implies the decomposition of any oriented cohomology 
theory (cf. |NZ| ). The Lawson homology is such a theory. The combination of 
Theorem \2.1\ and \2.S\ implies a motivic decomposition for smooth complex projective 
variety with C* -action ( cf. |Br| ). 



The proof of Theorem ] 1. Si Set Wi :— Xi — Xi-i and let Fi be the topological 
closure of {{x,pi{x))\x G Wi} C X x Fi. This is a closed algebraic subvaricty 
oi X X Fi. Since Wi C X is locally closed, the graph of pi is Zariski open in Ti. 
Let gi : Ti ^ Fi be the projection onto Xi and g* : Lr-XiHk-2\i{Fi) — > LrHk{Ti) 
the induced map on Lawson homology. The existence of such a "wrong way" 
homomorphism g* in this case follows essentially from the constructions in [FGj . 



since for each variety C of pure dimension q, g~^{V) = {{p^^{y),y)\y G V} 
is a variety of pure dimension q + Xi in F^. This induces a continuous map g* : 
Zq(Fi) -2q+Ai (L;) in the equidimensional topology for cycle spaces. This topology 
coincides with the natural Chow topology we used in defining Lawson homology (cf. 
[LF3j ) . By composing the homomorphism LrHk{Vi) LrHk{X) induced by the 
projection F^ X, we get a homomorphism /i^ : Lr-XiHk-2\i{Fi) — > LrHk{X) for 
each i = 1, 2, Note that the image of fii is in Lj.Hk{Xi) so it factors through 

Pi ■ Lr-\iHk-2\i{Fi) — > LrHk{Xi). 

Now we consider the following exact sequences (Comparing to that in the proof 
of Theorem 1 in [CG] ) 

LrHk+l{W,) LrHk{X,^l) ^ LrHkiXi) ^ LrHk{W^) ■ ■ ■ 
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where ArMj ■= Lr-\^Hk-2\j (Fj), at = S)j<if3j, (3i are given above, and the map Si 
is the composed map of Pi and the restriction LrHk{Xi) — > LrHk{Wi). From the 
construction, wc see that the map Si is induced by the fiber bundle map pi : Wi — > 
Fi. Since the induced map p* : LqHk{Fi) Lq+\.Hk+2Xi(Wi) is an isomorphism 
for all fc > 2g > (cf. |FG[ Prop. 2.3]), we see that Si is an isomorphism. 
By induction on i, Q!i_i is an isomorphism. Since the diagram commutes, we have 
d = 0. Now we complete the proof of Theorem ll.3l bv the Five lemma and induction 
on i. □ 



The proof of Corollary \1.5[ It follows from Theorem 4 in [CG] and Theorem O 
above. □ 

3. Applications and Examples 

3.1. Projective Cone. Let P" C P"+i be a linear hyperplane defined by Zn+i = 0, 
where [zq : zi : ■ ■ ■ : Zn^i] is the homogeneous coordinates of P""*"^. Set P = [0 : : 
•••:!] and note that P G P"+i is a point out of the hyperplane P". Let X C P" be 
a projective algebraic variety and let T^p(X) be the suspension of X (or Complex 
cone on X) with vertex P. 

Under this setting, one has the following result. 

Corollary 3.1. If k > 2r > 0, then 

( Lr-iHk-2iX), ifr>Q, 
LrHk{Y:p{X)) ^ I Hk-2{X,Z), ifr^O and k > 0, 
I Z, if r ~ and k ~ 0. 

Remark 3.2. The Lawson homology theory was originated from this fundamental 
result, first proved by Blaine Lawson (cf. |L1| j. It is now called the Algebraic 
Suspension Theorem. Since the proof of our main theorems (Theorem and 
depends implicitly on this result. The "proof" below is a rephrase of Lawson's 
theorem in our words. 

Proof. Consider the action of C* on P"+i by 

$t : P"+i ^ P"+i, [zo : ■ • ■ : z„ : z^+i] ^ [zo : • ■ • : z„ : iz„+i]. 

Restricted to I]p(X), we get an induced C*-action from $t. The fixed point set 
of the induced action is F = i^i U F2, where Fi ^ X and F2 = P. Using noations 
in Theorem 11.31 we see from the definition that X^ Fi is & fiber bundle with 
fibers C and X2 = P. By Theorem II .31 we have 

LrHk(^p(X)) = Lr-lHk-2{X) © LrHkiP). 

If r > 0, then UHkiP) ==0. If r = and fc > 0, then from definition LrHu{P) = 
and Lr-iIIk^2{X) = IIk-2(X,'E). In particular, since IIk-2{X,Z) = for fc = 1, 
LoHi(Y.p{X)) = for any X. li r = k ^ 0, then Loffo(Sp(X)) = LqHo{P) = Z. 

□ 

3.2. Projective varieties admitting a Cell decomposition. A projective va- 
riety X is said to admit a cell decomposition if there exists a filtration = A_i C 
Xq C Ai C • • • C Xn ~ X such that Xi — Xi^i is isomorphic to C^' for all i 
(where = Aq < Ai < A2 <■■■)■ Sometimes we also call such an X is cellular. The 
Lawson homology for those X was proved to isomorphic to the singular homology 
with integral coefficients ( |LF2|, §5]). 
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Corollary 3.3. Let X admit a cell decomposition defined as above. Then we have 

for all k > 2r > 0, where Ui is the number of i such that k = 2Xi. In particular, 
LrHk{X) = if k is odd. 



Proof. By applying Thcorcm ll.3l to the special case that all Fi are points, we have 

n 

(4) LrHkiX) ^^Lr-x^Hk-2xApi)- 

Note that Lr-\iHk-2\i{pt) 7^ if and only if fc = 2Xi. Moreover, in this case we 
have Lr-XiHk-2\i{pt) = Z. Hence Equation ^ reduces to 

LMX)=Z"\ 

□ 

Examples of such varieties include: All generalized flag varieties and their prod- 
ucts and smooth projective varieties on which a reductive group actions with iso- 
lated fixed points (cf. [LF2| ). 

Example 3.4. Let X C P^^^+i te a split projective quadric of dimension 2d, defined 
as the hypersurface in p2<*+i l)y 



X 



r 

<[xo:---:Xd:yo---:yd]e P'^'+i ^ x,y, = 

2 = 



Then for k >2r > 0, we have 
(5) 

f Z2 ifk = 2d, 

LrHkiX) = LrHkOP'^)®Lr-dHk-2dOP'^) = I Z if Q < k < M cveu but k ^ 2d, 

y otherwise. 

Proof. The quadric X admits a (C*)'' ~ (C*)''+^/C*-action given by 

(C*)'' ->i X X,[xi) : ■ ■ ■ : Xd : ya ■ ■ ■ : yd] ^ [^oa^o : • • ■ : tdXd : ya ■ ■ ■ : yd]- 

For simplicity, we denote [xq : • • • : cc^ : yo • • • : 2/d] by [x : y] and [t^x^ tdXd : 

Vo--- - Vd] by [tx : y]. 

The fixed point set F of this action is Fi U F2 , where 

Fi = {[xq : ■ ■ ■ : Xd : yo ■ ■ ■ : yd]\xo = ■ ■ ■ = Xd = 0} 

and 

F2 = {[xo Xd : ya- ■■: yd]\yo = ■■■= yd = Q}- 
Both Fi and F2 are isomorphic to P''. There is a decomposition of X = X^ U X^ 
coming from this action, where Xf := {[x : y] | lim^^jj[tx : y] G Fi} and X2 := 
{[x : y]| lim^^g[tx : y] S F2}. A direct calculation shows that X^ = Fi and X^ is 
a locally trivial fibration over F2 with fiber C^. By Theorem [HI we have 

LrHkiX) ^ LrHkiF'') © Lr-dHk-2diP''). 

Since LrHkif"^) = HkiF'^,Z) = Z for < fc < 2d even and otherwise, we get 
Equation ([5]). 

□ 
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The following example relates to the above one but the projective variety is 
singular. 

Example 3.5. Let X C P^'^+i he a projective variety of dimension 2d, defined as 
the hypersurface in p^'^'+i by 



1=0 



for integers m > 1. Then for k > 2r > 0, we have 
(6) 

Z2 ifk^ 2d, 

LrHkiX) ^ LrHk{¥'^)®Lr-dHk-2dOP'^) = { Z if {) < k < Ad even hut k ^ 2d, 

otherwise. 



Proof. Wc use the notations in the proof of Example 13.41 The hypersurface X C 
p2'^+i admits a (C*)'* = (C*)'*+VC*-action given by 

{C*YxX^X, (t,[x:y])^ [tx:y]. 

The fixed point set F of this action is Fi U F2 , where 

Fi = {[x : y]|x = 0} and F2 = {[x : y]|y = 0}. 

A simple calculation shows that the set of singular points of X is Fi. Let X^ and 
X2 be the same meaning as in the proof of Example [Ml Then X = X+ U X+, 
where X2 is a locally trivial fibration over F2 with fibers C^. Although X is 
singular, both X^ and X2 arc smooth. By Theorem 11.31 wc have 



LrHkiX) - LrHkiF,) © Lr-dHk-2d{F2) = LrHkiF") © Lr-dHk-2diP''). 

This completes the calculation in this example. □ 

The following is another example of a singular projective variety which admits 
a cell decomposition. 

Example 3.6. Let G he a connected reductive group overC with Lie algehra q. Let 
B he the variety of all Borel suhalgebras of g. For each nilponent element N ^ q, 
we set Bn '■— {b G B\N G b}. Then we have 

LrHkiBN)^HkiBN,^) 

for all fc > 2r > 0. 

Proof. It was shown that Bn admits a cell-decomposition (cf. [DLP| ). □ 

Wc end this subsection by the following example. 

Example 3.7. Let S be a smooth rational projective surface and let Hilh'^[S) he 
the Hilbert scheme of d points. Then we have 

LrHk{Hilh'^{S)) ^ Z"''.^^^), 

where Ck.d{S) is the coefficient of z^f^ in the power series expansion 
00 _^ 
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Proof. There is a (C*)^-actioii on S whose fixed point set Fs is finite. A result 
of Fogarty says tliat Hilb'^{S) is a smooth projective variety. Since S admits a 
(C*)^ action with isolated fixed points, this action induces a natural (C*)^-action 
on Hilb'^{S), which also has finite isolated fixed points. To sec this, we note first 
that a fixed point P in Hilb'^{S) whose support must be in Fs- We need to show 
that the number of ideals Ip C C[S'], invariant under (C*)^, is finite. Since Fs is 
finite, wc only need to show the case that the number of invariant ideals / C C[S] is 
finite, where the reduced subscheme structure on Spec{<C[S]/ 1) is a point s in Fs- 
Note that the afline coordinate ring at s is C[Ti, Tg]- The (C*)2-action on C[ri, T2] 
is given by (Ti,T2) ^ {XTi, ^T2). An invariant ideal I is generated by monomials 
Tf for some p,q> 0. Let m be the maximal ideal such that Spec{C[ri, T2\/m) 
is s. One sees that m = (Ti, T2). 

If the dimension of C[Ti,T2\/I is less than or equal to N, then / D {Ti,T2)^ . 
There are only finite number of such ideals corresponding to the pairs (p, q) such 
that p + q < N . Now iV = c? is given, so the number of invariant ideals / is finite. 
Therefore there arc finite fixed point in Hilb'^{S) under the induced (C*)^-action. 
So there is no torsion elements in LrHk{Hilb'^{S)) and its rank coincides to that of 
Hk{Hilb'^{S)) for all k > 2r > 0. 

To identify LrHk{Hilb^{S)), it is enough to compute bk{Hilb'^{S)) for k even 
since bodd{Hilb'^{S)) = 0. These numbers has been calculated in |Ch| . That is, 
bk{Hilb'^{S)) = Ck,d{S). From the defining generating function for Ck,d{S), one 
observes that Ck,d{S) = for odd k. Hence 

□ 

Remark 3.8. The Lawson homology of Hilb'^{S) with rational coefficients was 
computed implicitly in [HuLij . The integral homology of the Hilbert scheme of d 
points on was computed in [ESj , where the idea in this example is from. 

3.3. Fiber bundles with cellular fibers. Let i? be a fiber bundle over a quasi- 
projcctive variety X with cellular fibers Y, where a filtration = Y^i C ^0 C Yi C 
• ■ • C Yn = X such that Xi — Xi-i is isomorphic to C^' for all i. 

Then we have isomorphisms 

TV 

(7) LrHkiE) c^^Lr-xM-2xAX), Vk > 2r > 0. 

i=0 

Proof of Equation By induction and long localization sequences for Lawson 
homology, we reduced ourselves to the case that E is trivial. We can further reduce 
to the case that X is projective. In this case, Equation ([7]) follows from Theorem 

o □ 

In particular, this includes the Projective Bundle Formula (cf. |FG1 Prop. 2.5]), 
the product of any projective variety with a cellular variety, and the d-fold sym- 
metric product of a smooth projective algebraic curve for d large. 

3.4. Toric varieties. In this subsection, we compute Lawson homology groups for 
toric varieties X of dimX = n. For background on toric varieties, the reader is 
referred to Fulton's book . 
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If X is a smooth projective toric variety, then X admits a cell decomposition. 
So the calculation of Lawson homology for r-cycles coincides with that of singular 
homology with the corresponding integral coefficients for all r > 0, as pointed out 
above. Explicitly. 



Example 3.9. Let X = X{A) be a smooth projective toric variety associated to 
the fan A and denoted by dk the number of k- dimensional cones in A. Then 

Z''^™(X), for k = 2m even, 
0, for k odd, 

where b2m{X) = X]r=m(~l)'~'"(m)'^n-i 2m-th Betti number of X . 



LrHk{X) 



For general projective toric variety X, we can not expect that there is an iso- 
morphism between Lawson homology and the singular homology in Z-coefficient. 
However, as hinted in [Fu] . we have the following result: 



Proposition 3.10. The Lawson homology LrHk{X)Q with rational coefficients of 
a simplicial toric variety X is isomorphic to the rational homology Hk{X,Q) for 
k>2r>0. 

Proof. First we note that for any X — X{A) where A is simplicial, there is a 
filtration for X, i.e., = X„i C Xo C • • • C Xn = X such that Yi := Xi - Xi^i 
is a quotient C"^'^*/Gi of an affine space by a finite group (cf. [Fu) §5.2]). For 
such a quotient, the Lawson homology and Borel-Moore homology are the spaces 
invariant by the group: 

L,if»(C™/G)Q = {L,H4C'^)q}^ (cf. [miLll Prop. 3.1] ) 

and 

where ,Q) denotes the Borel-Moorc homology with rational coefficient. 

Since we only consider the Borel-Moore homology for non-compact algebraic set, 
we simply denote it by H^,{ — ,Q). 

Note that we have the following commutative diagram of long exact sequences: 



-fffc+l(Vi,0) ^ -Hfe(Xi_i,0) ^ Hk(Xi,Q) *- HfcCYi.Q) s- i (Xi_i , dj) 

where the first and fourth vertical isomorphisms follows from above arguments, the 
second and fifth vertical isomorphisms follows from the induction. 

Now the proposition follows from the Five lemma and the induction on i. □ 

The next result is about an isomorphism between Lawson homology and higher 
Chow groups for toric varieties. Recall that (cf. [Bl]) for each m > 0, let 

m 

A[d] ■.= {teC'^+^\J2^^^'^}~^'^■ 

i=0 

and let z\X, d) denote the free abelian group generated by irreducible subvarieties 
of codimension-Z on X x A[d] which meets X x F in proper dimension for each 
face F of A[d]. Using intersection and pull-back of algebraic cycles, we can define 
face and degeneracy relations and obtain a simplicial abelian group structure for 
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z''(X,d). Let *)! be the geometric realization of z\X,*). Then the higher 

Chow group is defined as 

Ch\X,k) ■.= 7Tk{\z'{X,*)\) 

and set Chi{X,k) := Ch"~'(X, fc). It was shown by Friedlander-Gabber [FG] that 
there is a natural map from the higher Chow groups to Lawson homology groups 

FM : Ch,,(X,m) ^ LrH^r+k{X) 

for all r, m > 0. 

Theorem 3.11. Let X he an arbitrary toric variety. The higher Chow group 
Chr{X,m) of X is isomorphic to the Lawson homology group LrH2r+m{X) of X . 
In particular, the algebraic equivalence coincide with the rational equivalence for 
projective toric varieties. 

Proof. First we show that 

(8) Chri{C*)^,k-2r)^LrHkiiC*)^) 

for all > 2r > and TV > 0. This statement follows from the induction and the 
fact that LrHk{X x C*) ^ Chr{X x C*, fc - 2r) for all fc > 2r > if LrHk{X) ^ 
Ch.r{X,k — 2r) for all fc > 2r > 0. To see the fact, one notes that there exists a 
commutative diagram 



(9) 

Chr(X, m) ■ 



■ Chr(X X C, m) 



■ Chr{X xC',m) ■ 



■ Chr.{X, m - 1) 



Chr(X X C, m - 1) 



LrHk(X) 



■ Lr-Hk(X X C) 



L^H^iX X C*) 



ir-Hfc-l(^) ■ 



LrHf._.^{X X C) 



of long exact sequences from higher Chow groups to Lawson homology groups. 
By assumption, the first and fourth vertical maps are isomorphisms, where m = 
fc — 2r. By the homotopy invariant property of higher Chow groups (cf. |B1] ) and 
Lawson homology groups (cf. |L1| or |FG1 Prop. 2.3]) and the assumption, we get 
isomorphisms for the second and fifth vertical maps. Hence by the Five lemma, the 
middle vertical map is an isomorphism. This completes the proof of the statement 
in Equation jS]) for all fc > 2r > and N >0. 

Note that for any toric variety X = ^(A), there is a filtration X = X„ D 
Xn-i D • • • 3 X-i = by closed algebraic subsets such that Ui := Xi— Xi-i is the 
disjoint union of orbits Oa, where a runs over the cones of dimension n ~ i. Since 
an orbit is isomorphic to (C*)"" for some integer Therefore the proposition 
follows from induction on i and the commutative diagrams of long exact sequences 

(10) 



Chr(Xi, m + 1) ■ 



Chr(Xi_i,m) . 



■ Ch,,(A'i, m) ■ 



Chr{Ui,m) ■ 



Chr(Xi_i,m - 1) 



LrHkiX,) ■ 



where m = fc— 2r. The first and fourth vertical isomorphisms follows from Equation 
([8]), while the second and fifth vertical isomorphisms are the inductive assumptions. 
By the Five lemma, we get the isomorphism of the middle one. □ 

Proposition 3.12. For any integer fc > 2r > and n ^ Q, we have the following 
formula 

where ar^k,n ■— (fc-n) if k > r + n and otherwise. 
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Proof. First we show that for any projective variety X, we have the fohowing 
isomorphism: 

(11) LrHkiX X C*) - Lr-lHk-2{X) e LrHk-l{X). 

To see this, note that the pair {X x C, X x {0}), we have the long exact sequence 
of Lawson homology: 

(12) ... ^ LrHkiX) ^ LrHkiX X C) ^ LrHk{X X C*) ^ LrHk-l{X) ^ ... 

where i : X = X x {0} ^ X x C is the inclusion, Res is restriction map and d is 
the boundary map. 

The long exact sequence of Lawson homology for the pair (X x P^, X x {0}) is 

... ^ LrHk{X) LrHkiX X pi) ^ LrHkiX X C) ^ LrHk-liX) ^ ... 

where ioo : X ^ X x {oo} ^ X x P^ is the inclusion. 

From the C^-homotopy invariance of Lawson homology, one gets io* = ioc* ■ 
LpHkiX) LpHkiX x Pi), where io : X X x {0} ^ X x ¥^ is the inclusion. 
From the definition of i and io, we have = 7?esoiQ^,, where Res : LrHk{X xP^) — > 
LrHk{X X C) is the restriction map. Hence we obtain 

i* — Res o iQ^ = Res o = 0. 

Therefore, Equation is broken into short exact sequences 

O^LrHkiX X C) ^ LrHkiX X C*) ^ LrHk-i{X) ^ 0. 

This sequence splits since the map Zr{X x C*) = Zr{X x <C)/Zr{X x {0}) 
Zr-i{X) ~ Zr{X X C) given by c i— > cfl (X x {0}) gives a section of the projection 
Zr{X x C) ^ Zr{X X C)/Zr{X X {0}). So wc get Equation (HJ). The proof of the 
proposition is completed by induction on n. □ 

Wc set Xp{X) Sj>2p(^-'^)'^^^^'^(^p-^fe("''")) whenever L.pHk{X) arc finitely 
generated and vanishes for k large. In this situation, Xp(X) is well-defined. The 
proposition has the following corollaries. 

Corollary 3.13. Xp((C*)") is well-defined and Xp((C*)") = E^^p(-l)"+'(r)- In 
particular, Xp((C*)") 7^ for 1 < p < n. 

Corollary 3.14. Let X ~ ^i^) be an arbitrary toric variety of dimension n. 
Then 

xp(^) = EE(~i)""^^'^'-(T)' 

i=0 j=p 

where di is the number of i- dimensional cones in A. 

Proof. Note that there is a filtration X = X„ D Xn-i D ■ ■ ■ D X^i = by closed 
algebraic subsets such that Ui := Xi — Xi-i is the disjoint union of orbits Oo-, where 
a runs over the cones of dimension n — i. By the long exact sequence of Lawson 
homology for (Xi,Xi_i), we get 

(13) Xp{X,)=x{X,-i)+Xpm. 
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Since Ui is the disjoint union of orbits of Oa, each Oa is isomorphic to (C*)"^\ 
Hence Xp{Ui) = di ■ Xp((C*)"~*). By taking the sum of Equation (fT3|) for i from 1 
to n, we get 

n—p 

xp(x) = ^d,.xp((er-^). 

Now we complete the proof of the corohary by applying Corollary 13.131 □ 

Note that if p = 0, Xp{^) coincides with the Euler number of X. In this case, 
Xo{X) = dn. 

3.5. Symmetric products of Homogeneous varieties. Let X be a projective 
variety and denoted by SP'^X the rf-th symmetric product of X. 

Proposition 3.15. If X is a complex projective variety which admits a cell decom- 
position, then we have isomorphisms 

for any fc > 2r > 0. 

Proof. Since X admits a cell decomposition, X^"^ also admits a cell decomposition 
(cf. §5]) , where X""^ is d-fold self-product of X. So we get LrHkiX""^) 9i 

Hk{X^<i). 

Since both Lawson homology and the singular homology are the subspaces in- 
variant by the symmetric group S^: 

LrHkiSV'X)^ ^ {LrHkiX''%}^^ (cf. [im Prop. 3.1]) 

and 

i/fe(SP^X,Q) ^ {i/fe(X^^Q)}^^ 
we obtain isomorphisms in the proposition. □ 

In the case of Proposition 13. 151 the dimension of Q- vector space 
is given by MacDonald formula [M] . 

Remark 3.16. The method of the computation for Lawson homology groups of the 
examples above also works for the higher Chow groups. 
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